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A combinatorial manifold Md of dimension d is a simplicial complex such that the link of every vertex is a (d -1)-dimensional combinatorial
sphere. We denote by 1 MI the underlying topological manifold with the induced PL structure. We write M 1 z M2 if M, and _\fz are combinatorially isomorphic, and 1121 1 / z ) Mzi if they are PL homeomorphic.
For general facts about PL manifolds compare [S] , [17] , [22] . 0 ne expects that the number n of vertices must be large if 1 hfpI is topologically 
]. Let Md be a combinatorial r-manifold with n certices and assume d >, 3, d # 4 and n < d+ 5. Then j Mdl is PL homeomorphic to the sphere Sd.
Note that the exception d#4 is essential: in fact Theorem 1 becomes false for d=4 (see below). For n <d+4 a theorem of Mani [19] says that M is the boundary complex of a convex polytope and that this bound is sharp. First we state our theorems and corollaries which will be proved in 93. Our main theorem is the following which gives a better lower bound than Theorem 1 including a discussion of equality. [x] denotes the smallest integer k 2 x. WPi denotes the unique 6-vertex triangulation of the real projective plane WP', CP,Z denotes the unique 9-vertex triangulation of the complex projective plane [12] . 
Remark.
Recall that for i= I and any ti32 there is such a combinatorial manifold satisfying equality n = 2d + 3 [ 1 I]. These "generalized Cs&z6r tori" are topoiogically products S1 x S '-I for even d and twisted products for odd J. If i3 2 no example for equalit) tI =2d +4-i seems to be known. , pn, \-+W induces a simplex-wise linear functionf:
M -+ R. If
for i#j we callfregular simplex-wise linear. Such a function has finitely many critical points because only the vertices can be critical. A point REM is called critical if
where c:=f(p),
and N, is the ordinary singular homology with coefficients in a field. By the isomorphism
may use the simplicial homology as well. If K, denotes the full subcomplex spanned by all Usually the notion of a PL Morse function refers to the case that there are charts of coordinates around each point (critical or non-critical) which behave like the ones for smooth Morse functions (compare [7] where such functions are called Comb-non-degenerate functions). In particular in this case the critical points have total multiplicity 1. Remarks.
DEFINITION. The PL Morse number p(M)>2 of a PL manifold M is the infimum of
(i) In the case d=4 we applied the Freedman classification of simply connected 4-manifolds (see [23] ) which was not available when the paper [7] has been written.
(ii) .4ccording to [7] 
LEMSI.4 5. Assume that a regular simpleswise linearfimction on a simplicial comp1e.u K has a critical point p of index i3 1. Then K is at least i-dimensional, and the number n ofcertices satisfies n 2 i + 2. hloreocer, if n = i + 2 then either K = $A'+ ' or K = (p j* ?A' (cone orer ?A').
Proof: By assumption Hi (K,, K,b)#O where c =f(p). This means that there is a simplicial i-chain on K, which is a non-bounding cycle modulo K,\p. Therefore K, and hence K must contain at least one i-dimensional simplex containing p. A non-bounding simplicial icycle requires at least two i-simplices and therefore at least i + 2 vertices, Now assume that there are exactly n = i + 2 vertices. These cannot span a simplex A'+ ' because the homology would be trivial. The only possibility to build a non-bounding (i-1)-cycle with is-1 vertices is the boundary complex of a A'(with suitable coefficients). This implies that K must contain the cone from p to ?A' spanned by the other i+ 1 vertices. We denote this cone by [pj *C?Ai. Now the two possibilities are obvious: either K contains A' or not. In the first case K = ,jA'+', . m the latter case K = {p}*ZA'. In any case p is the maximum of the function.
PROOF OF THE THEOREJIS
THEOREM A For d = 1 nothing has to be proved, for d = 2 everything is known (see [9] , [21] ), for d = 3 our assertion follows from the enumeration of all combinatorial 3-manifolds with at most 9 vertices (see Cl]), and for d = 4 our assertion is contained in [4] In the case d= 2 it is well known that RP: is the only combinatorial Z-manifold with 6
vertices which is not homeomorphic to the sphere. In the case d =4 it was known that a nonsphere with 9 vertices must have the cohomology ring of CP' (see [4-j) (it follows that ,V is homeomorphic to CP' (compare [23] ), but this is not used in the following). We know that p(/Ml)= 3 and this implies that every regular simplex-wise linear function must have a critical point of index 2. Then Lemma 5 implies that for every 4-simplex A4 = (pi, . . . , ps ) the full subcomplex K, spanned by p6. . . t p9 is a ?A3 (in the other case K, = (p> *?A' M would be a 4-sphere by Corollary 5) .
The next claim is that such a 9-vertex MJ must necessarily contain all possible(z) edges.
Assume that two vertices p and 4 are not joined by an edge. Then {p, 111 can never be contained in one 4-simplex nor in the complement of one 4-simplex. It follows that each 4-simplex of M'contains exactly one of the vertices p, q. Hence the two vertex stars of p and 4 cover the whole manifold M which now is the union of two PL 4-bails glued together along their common boundary (i.e. the link ofp and q). Hence M is homeomorphic to the 4-sphere, a contradiction. Now we use the well-known equation (see [24] )
for any combinatorial 4-manifold, where f,, fit fi are the numbers of vertices, edges and triangles. In our special case we know f, = 9, j*, =(z) = 36 and ;c = 3 which implies &=3O-90+ 144=84=(;).
This shows that a 9-vertex triangulation of a non-sphere must necessarily contain all possible (:) triangles. This is also called 3-neighborliness.
On the other hand it has been shown in [13] that-the combinatorial type of such a 3-neighborly 4-manifold is unique. Compare [12] and [20) for a proof that there exists a g-vertex triangulation of CP'. .Acknowledgemenr-We thank Alexis Marin (Orsay) for his interest and his useful criticism ofearlier versions of this paper.
